
We note that the formulas  given above, descr ib ing  unloading shock waves,  a re  valid only i f  k~ Xm (see 
Fig.  2a').  In the con t ra ry  case ,  where k~ at the s t a r t  of the unloading p roces s ,  shock waves will not 
exist ,  and only in a cer ta in  t ime a f t e r  the s t a r t  of the unloading p roces s ,  in a medium with a sufficiently small  
re laxat ion t ime (or for  a ve ry  long rod), will the weak wave ar i s ing  at  the s t a r t  go over  into a shock wave, 
whose intensi ty will than fall fu r the r  with t ime. 
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D I S P E R S I O N  O F  T H E  V E L O C I T Y  A N D  S C A T T E R I N G  

O F  U L T R A S O N I C  W A V E S  IN C O M P O S I T E  

M A T E R I A L S  

A .  A .  U s o v  a n d  T .  D.  S h e r m e r g o r  UDC 534.514 

The sca t te r ing  of waves at  the inhomogenei t ies  of a medium can be calculated by var ious  methods.  An 
analysis  of the most  frequently used approximat ions  was made in [1, 2]. The sca t te r ing  coefficient of an u l t r a -  
sonic wave in composi t i te  ma te r i a l s  was calculated in [3-6]. In [3], the smal lness  of one of the components 
was assumed,  while, in [6], only the asymptote of long and shor t  waves were  calculated. An a t tempt  at the 
calculation of the sca t te r ing  coefficient  of longitudinal and t r a n s v e r s e  u l t rasonic  waves over  the whole range 
of  wavelengths was made in [4, 5]. The calculat ion was made under the approximation of  taking account of 
pa i rwise  cor re la t ions  between the moduli of e las t ic i ty  and the density. In [4], the calculat ions were made 
using a Gaussian dis t r ibut ion for  the coordinate par t s  of the binary cor re la t ion  functions, which does not 
re la te  to composite ma te r i a l s ,  and, in [5], the explici t  fo rm of a function enabling a t ransi t ion f rom asymptote 
of  long waves to a shor t -wave asymptote  is  not given. In addition, nei ther  of the above-c i ted  pieces  of work 
took into considerat ion the dis tr ibut ion of  the veloci ty  of the propagating wave. 

A calculation of the sca t te r ing  coefficient  and the dispers ion of the veloci ty  of longitudinal waves over  
the whole range of  wavelengths,  with a r b i t r a r y  concentrat ions of the components ,  is given below. 

w 1. We r e no rma l i ze  the equations of  motion 'using a method developed in [7-9]: 

Luu Z --- 0, Ltz --~ V~i~z,~V,, ~- pr 

where  u is  the vec to r  of the displacement;  •iklm is the tensor  of the moduli of e las t ic i ty ;  p is  the density of 
the medium; co is  the cyclic frequency.  

Moscow. Trans la t ed  f rom Zhurnal  Prikladnoi Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 3, pp. 145-152, 
May-June,  1978. Original a r t i c le  submitted May 3, 1977. 
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Denoting the regula r  components of the ope ra to r s  and functions by angular  brackets ,  and the random 
components by p r imes ,  in the second approximat ion of the theory of random functions we find 

<Liz > <ut> + <n~p (r) ~ Vps (r -- rl) L~z (rl)> <u l (rl)> d r~ = 0, (1.1) 

where  L ' ip=  L i p -  (Lip>; Gps is  a Green  function of the regula r  opera tor  (Li l )  , de termined by the equality 

' = - -  5 ( r ) ~ . .  ,.Lip/Gps 

Here  and in what follows, the averaging is  c a r r i ed  out over  a region far exceeding the spatial scale of the 
cor re la t ions ,  but considerably less  than the dis tances  at which the regula r  components of the functions change 
appreciably.  

F r o m  Eq. (1.1) i t  can be seen that the regula r  component of the vec to r  of the displacement  for a plane 
wave can be wri t ten  in the form 

<u~(r)) = A~(q)e -~qr, (1.2) 

where  A l (q) is  the amplitude of the wave for the mean vec tor  of the displacement;  q is the wave vec tor ;  and 
the fac tor  e TM is  omit ted due to the homogenei ty  of Eq. (1.D. 

Taking the value of (u/) out f rom under  the in tegral  sign using relat ionship (1.2), we find the r e n o r m a l -  
ized ope ra to r  of the equation of motion L* i l  : 

" / * 
Lil,,u~> = O, Lil = (Liz)  -T- 7Lit, <Lil> = <;~hlm> V~,,~ /- ('~ (9> 5il; 

Zi~ ,~z,,. 2i (1.3) zaihpqlpqrsVh m - -  o)2Arsm(lIOrsVm -- oaA[w 

Here  Vkm = VkV m, and symmet r i za t ion  is ca r r i ed  out with respec t  to the indices in parentheses .  The opera -  
to r  (1.3) was wri t ten  under  the assumption of the separat ion of the tensor  and coordinate dependences of the 
binary cor re la t ion  functions; he re ,  for  different  corre la t ion  functions, an identical  cor re la t io  n dependence is  
taken: 

A iZdm " : ~-t',~,-' (r, r)) Z:tpqrs (~ ( r ) ,  )~ ,~ , ,  ( n )  -~  = 

<),~k,,, (r,) p' (rl -_ r)> ::  zl,.,~z,,,( [ (r), ,/p' (r,) p' (rl + r)> = A ~ (r). 

The in tegra l s  I a r e  de te rmined  by the following dependences:  

Ipq"s =: S Gv"Vqs (~ cosqr) d r, 

Ivq , : f GmV q (q, sin qr) dr, I , ,  ~= j" G,d ~ cos qrdr. 

The cor re la t ion  t enso r s  A~Ir  m , Aik lm . and A for  composite ma te r i a l s  a re  equal to 

A~hZ.~ hlSil, S lmSpqfrs  + 2h., (511filmgi,(rS~)q F 5i(ISm)kfpq~rs)  
P q "  = ' " ( 1 . 4 )  

+ 4ha~i(16m)k6p(r6s)q, 
Aiaz., = h~6~kfz,,~ -b 2hsS~(~6m)a, A = h6; 

h i == <~ ' } , ' } ,  h 2 := <k',u'>, h a = < p ' I d } ,  (1 .5 )  

h 4 = (k'p'>, h~ = <p'p'), h~ = <P'9'>, 
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where,  for two-phase composite mater ia l s ,  the mean value, the dispersion, and the covariance of a rb i t ra ry  
values of ~ and ~/are expressed in t e r m s  of the volumetr ic  concentrations of the components 7r i using the 
relat ionships 

~ ; ,  = v,!~ + v~!.,, <::'~'> = v ~ v . 2 ( i ~  - -  ~)~, 
< ~'q'> --  u  - ~:)( 'h - -  q~). (1.6) 

We assume that the boundaries between the components of the composite mater ia l  a re  sharp. Then, i f  
there is  no shor t -  or  long-range order  in the spatial  distribution of the components (a completely unordered 
structure) ,  then the explicit  form of the function r can be taken as exponential [7-11]: 

~(r) ---- q(r) = e.~p (--r/a), (1.7) 

where a is  the radius of the correla t ions .  

A contribution to the scat ter ing and the dispersion of the velocity is  made by the correlat ion t e r m  
~-i  (r). In Four ie r  space, the operator  ~ i l  (r) can be represented  in the form 

Li,(q) = --q~'[A(x)ln + 31(x)6n], In = IJl, l~ = qi/q. (1.8) 

Then, analogously to [7], the scat ter ing coefficient and the velocity of the longitudinal waves will be equal to 

xQ (x) (1.9) aTz(x)= ~ ,  Q ( x ) = I m ( A - F M ) ,  c~=c  2 <~,+2~t).(p) , 

( g~.).~ R ( x ) = l + x d B e ( A - 4 - M ) ;  x = q a  r (1.10) g (x) = c 1 " 2 (p) ~'J' = - 7 '  

w h e r e  A = A(z);  M = M(z). 

F r o m  t h e  l a t t e r  e x p r e s s i o n s  i t  f o l l o w s  t h a t  to  c a l c u l a t e  t he  s c a t t e r i n g  c o e f f i c i e n t  o f  l o n g i t u d i n a l  u l t r a -  
sonic waves, i t  is  sufficient to find the function Q(x), and, to find the dispersion of the ve loc i t y ,  the function 
R(x). To bring the opera tor  ~ ' l  to the form (1.8), we use e x p r e s s i o n  (1 .2) .  This permi ts  us to t r ans form the 
o p e r a t o r  "Lil  : 

.2 11 A rslmr i l l  (q) = - -  ?l trhrn ihPqlPqrs + 2qc2ll~Aiapqlpqt - -  q2caAIt l )  �9 (1.11) 

In the second t e r m  of the la t ter  expression,  symmetr izat ion is not carr ied  out, since the tensor  lkAikpqlpql ,  
in accordance with (1.8), is  symmet r ica l  with respect  to permutation of the indices i and l .  

w 2. Let us calculate the in tegra ls  I ~ r  s, I~q l ,  and I i / .  For  this purpose,  we use a known expression 
of the Green function Gpr [7] and the exph%[t function ~v(r), in accordance with (1.7). We also carry  out the 
replacement  of var iables  q=qI ,  ~ =qr ,  and r = r n .  We will then have 

02 

1 g(~c) 4n <e> ~.2~ {[3 (t § ~]e-i~}, 
( 2 . 2 )  

! 
] (~c) = 4~ <t'> ' ~ ((i + i~) e-i~ -- (t -k ik~ --  k2~2) e-~},  

where 

npz = npn 5 k = c/ct; c 2 = ~tX//p>; d.Q, = dr/r2dr = d~/~2d~. (2.3) 

The method of calculating the integrals  (2.1) is descr ibed in [9]. Carrying out the corresponding calculation, 
we obtain 

I p q r s =  dllpqrs-'}- d2(lp,6~q-k lp~6rq -k lpq6r~ -4- l~6pq"  l~qSp~, 
-~- lsq~pr) "-}- d.~(6rq6r~ Jr" 6pr6qs -F 6v~6qr) -k d41qs~pr -~ d~6pr6sq, 

lpq,  = ~ [djpq, + d, (l~jS,~ + Z~6~, :- Z,6~a) + d~Z~6~,l, Z;, = - -  q~-CX (dgZ, + 4oa,~), 

(2.4) 
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w h e r e  d n = a n +  i b n :  t h e  v a l u e s  o f a  n a n d  b n a r e  e q u a l  to  

[ - -  44u + ( - -  23 + 46k ~ + 7k ~) x'-] - -  v~o (i + 5x ~) -:-, 

+ v~ - -  v~v s + ray ~, <p> c~a~ = ~ [40u + (13 - -  8k ~-- 5k 4) x ~] + v~v'~ - -  ray?, 

<p> c~a~ = ~ i  I -  2u + (k* - -  4) x q  - -  v~v~ + v~v~, (P> c~% = 

3k  ~ k 2 
= - -  ~ - -  v~ + v~v~o, (p) c'-a~ = ~ - -  v ~ t , m  

(p> ,, t5u . <p>,~ 3u 
-~- ~ = 8~-~- + v~o (4 + 3x ~) - -  VlS ~- v~v~9 - -  v~V~o, --~-"7 = --~-'~z~-- v2vzl-rv~'~'.,..:, 

(p~ k2v~ (p) 
a s  = / 2 1 8  x ~ cz ag = Vg a -  vaO x z - U ~ v 2 4 ~ - U I v ~ ,  

<p)  
c--- T a l e  ~ - -  V2a + UiU2r - -  YlV27; 

<p> c~b~ = ~ 5  (24v0 + 76 - -  24k - -  34k ~ - -  24k ~) - -  v~z ~-, 2x~vs0 - -  

- -  vav~ - -  v~v14, <p> c2b~. i = 4-~( - -  45v0 - -  44 + 45ki~- 44k 3 -,- 45k a) + v~vls + 

+ V~Vl~, <p> c~b~ = ~ (3vo + 4 - -  3k -',- 2]d - -  3h -~) - -  VsV~ a -  z:.v~v <p> c~b~ = 

3k a ka 
~-- 2-"~ ~- vl'" -~ VlOVla' <p> c~b~ = - -  ~" - -  v11VlZ' 

~P_2 b~ = - -  5v a + v,.s - -  vaox (4 + 2x ~) + vinyl9 + vl~v~o, 
2 

<P> b~ " ~  = 1331 - -  Yl$V21 - -  U14V22~ ~ v8 - -  - -  U2$ X 

< P ) b =  3 c~ ~ ~ (4 - -  k) + 2x~vao - -  v ~  - -  Vl~V~ - -  vuv~  ~, 

-~" ~ z o  = ( k  - -  4 )  ~ v~9  -~- v ,3v~  -7 ~ ~ v ~ ,  

w h e r e  

(2 .5)  

(2 .6)  

v = t -~- k2; u = t - -  k"; w = ( l  + 2vx  2 + u~x4)-'; 

x4vo = 1 - -  k + 2 z  2 (2 - -  k - -  ks); v~ = u,k ~ [t + (2 + 3k 2) z 2 " u x q ;  

2x 
2v~ = arctg i --  uz~; 

t6x~va = 5 [7 -4- 2 t v x "  + 3(7 + t0k 2 + 7k~)x 4 + 

-4- (7 + 9k ~ + 9k ~ + 7k6)x el; 

2v  4 = arctg 2x; t6xTvs = 5(7 + 42x 2 + 72x  ~ -}- 32x*); 

t6x%' s = 5 + t5v'x 2 + 3(5 + 6k 2 + 5ka)x a + (5 + 3k ~ + 

-4- 3k ~ + 5k~)x6; t6xTv7 = 5 + 30x 2 + 4 8 #  + t6xr 

16X7y8 = t -4- 3YX 2 -~- (3 + 2k 2 + 3k4)x 4 -4- u( l  - -  k4)xS; (2.7) 

4 6 X ' u  = 4 - ~  6X 2 - ~  8X4; 2XaVlO = 3k~(l + vx~); 

3vn = vlo; vl~ = 2kSxaw; 4e~3 = ln{w[4 + (k - -  l)2xZ]2}; 

4v14 = - -  in  v~o; vls = wk214 + (t + v)x ~ + u x q ;  

8xSvl~ = 3[5 + iOvx 2 + (5 + 6k ~ + 5k4)x4]; 855v2o = 

= 3(5 -4- 20x  2 + 46#);  8xSv21 = 3 + 6vx  2 + (3 + 2k 2 -4- 

+ 3k4)x~; 8xSv22 = 3 -4- t2x 2 + 8x4; v23 = wk2x~(i  + ux2); 

k2vz~ = Vlo; 2xav.,5 = 3(1 + 2x2); 3k2v~6 = Vxo; 3v~7 ----- u2a; 

V2s = wk3x(4 + vx2); v:9 = 2kSxZw( vso = (i  + 4x~)-1; 

8x3Val = 311 - -  k + (2 - -  k - -  ka)x~l. 

In  f o r m u l a s  (2.7) o f  the  p r e s e n t  a r t i c l e ,  e r r o r s  i n  [9] f o r  P4 a n d  u 2 a r e  c o r r e c t e d .  T h e  c o r r e c t  v a l u e s  
f o r  t h e m  a r e  o b t a i n e d  f r o m  t h e  v a l u e s  o f  v 4 a n d  v z of  the  p r e s e n t  a r t i c l e  by  t h e  r e p l a c e m e n t s  va=  P4, vz=u2 ,  
x =  l / s ,  a n d  k = x ;  i n  [9], i n  f o r m u l a  (2.7) ,  pZcb4 s h o u l d  r e a d  pc~b4; i n  f o r m u l a  (2.3) ,  i n  t h e  e x p r e s s i o n  for  R 5 
i n  t h e  l a s t  s q u a r e  b r a c k e t s ,  + J s  - Jsfl(  3 +  2fl 2) s h o u l d  r e a d  + J c  - J s  ~(3 + 2flz)" 

3. We  p a s s  on  d i r e c t l y  to c a l c u l a t i o n  of the  f u n c t i o n s  Q(x) a n d  R(x) .  F o r  t h i s  p u r p o s e ,  we s u b s t i t u t e  
i n t o  e x p r e s s i o n  (1.11) the  v a l u e s  found  fo r  t h e  i n t e g r a l s  ~ q r s ,  I p q l ,  a n d  I i l  (2.4) a n d  m a k e  u s e  of  e x p r e s s i o n s  

(1.4) .  T h i s  m a k e s  i t  p o s s i b l e  to  r e p r e s e n t  the  o p e r a t o r  Li~ (q) i n  the  f o r m  (1.8).  U n d e r  t h e s e  c i r c u m s t a n c e s ,  
t h e  f u n c t i o n s  Q(x) a n d  R ( x )  a r e  found  to  be e q u a l  to  
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where  

I0 l0 
Q ( x )  = Z O a b r . ,  R ( x )  == Z D n z n ,  (3.1) 

1 t 

X. -~- (t -k- xd/dx)a,~; Dx = ha -a t- 4hz --[- 4hs; 

D~ = 2(5h 1 -~ i6h~ + i2he); D 8 = i5h a + 20h~ + i2ha; 

Dt = h~ + 4h~ + 4h3; D~ = 3h x -{- 4h~ + 4hz; D e = h a + 2ha; (3.2) 

D7 ----- 5ha + 6h~; Ds -- h 4 -~ 2ha; D~ ---- Dao ----- he. 

We find the funct ions  Xn by subs t i tu t ing  e x p r e s s i o n s  (2.5) and (2.7) into the f i r s t  of  the inequa l i t i e s  (3.2): 

t5v~ I7 5 [42u + ( 2 3 - - i 6 k  ~ - 7 k  ~)x ~ ]+  8x ~ , - q - i 4 v x  ~ { -  

-{- (7 + i0k ~ ~- 7M) x ~] t5,4 ~- e (t + t ix  ~ + 20#) + - -  ~ ,r + 28x~+ 24x a) - -  v~0 

-7- Y15 - - / )~Ule  -~/)5/)17~ 

f 3v~ . .  ~p) c ~  = ~ [ - -  30u + ( - -  t3 + 8k ~ + 5k ~) x ~ ] - -  ~-~ la + tOvx  ~ + 

�9 3v 4 . ~  + (5 + 6k ~ + 5k ~) #1 + ~ (a + 20x ~ + 16x ~) + vevae - -  v~vx~, (p} c~Z~ = 

. , ~ vo ( 3 +  1 2 x ' + 8 # ) - -  = y ~  (6 + v x  ~ ) -v  ~ [3 --  6vx  ~ q- (3 + 2k ~ + 3k t) x ~] - -  

2 3k~ " 
- -  VeVl~ + V~Vl~, ( p )  c ~ = ~ ~x - -  2v~) - -  ~'~ + v~t'~6, 

( 3 . ~ )  
~0" <0>. ~5, : V~o ( i  + 5z~ ' t 2 x  ~) + 

+~-'~i~5 (k~v~v~. ~ _ v.,v~o) - -  v~. " Vl6V~ - -  v~V~o, - -y  m = ~ . ~  + ~ (~'.,V,o - -  

- -  k2/)4V25) - -  UleU21 -~ U17U22, ~ -  X8 : U32 - -  --~-'--' ~ ~9 = ~ ' -  (U2 - -  U4) - -  

- -  V32oZ ~ (3 + 4x~) + v ~  - -  v~6v~ § V~TV~, 

< p >  i - -  v~) --  v~rt:~r, 

whe re  

Yl~ = w2k2[ l -~  (4 - -  7k2)x  2 -~  (6 ~ i l k  2 -Jr 3k4)x ~ -]- 

+ (4 + k ~ - -  2k  ~ - -  3k6)x e + (i - -  3k 2 -? 3k ~ --  k6)zz]; 

vie = w x [ l  - -  (k 2 - -  i)x2]; v17 = xv30; v3., = w~k2[l + 
+ (4  + k2)x ~ -}- (6 + 7k 2 - -  k4)x 4 + (2 + 3k 2 - -  6k 4 -~ k G) x 6 + (3.4) 

+ (t - -  3k 2 + 3k a --  ke)xS]; v33 = w"k~x"-[3 -'? (7 --  3k2)x 2 --  

--: (5 -~ 2k"- - -  7k~)x ~ + (1 --  3k' + 3k a -  k~)x ~]. 

The r e m a i n i n g  v a l u e s  of  v i  a r e  d e t e r m i n e d  f r o m  e x p r e s s i o n s  (2.7). 

Thus ,  the d i m e n s i o n l e s s  s c a t t e r i n g  coeff ic ient  of  lo rg i tud ina l  waves  a?~(xz) i s  d e t e r m i n e d  by f o r m u l a s  
(1.9), by  the t h i rd  o f  f o r m u l a s  (1.10), by the f i r s t  of  f o r m u l a s  (3.1), and by f o r m u l a s  (3.2), (1.5), (1.6), (2.6), 
(2.7), and (2.3). The  r a t e  of  p r o p a g a t i o n  o f  longitudinal  waves  c l (x l) i s  d e t e r m i n e d  by f o r m u l a s  (1.10), by the 
t h i r d  of  f o r m u l a s  (1.9), by the second  of  f o r m u l a s  (3.1), and by f o r m u l a s  (2.3), (3.2), (1.5), (1.6), (3.3), (2.7), 
and (3.4). 

14 .  I f  in  f o r m u l a s  (2.6), (2.7), (3.3), and (3.4) we p a s s  t o  the l im i t  fo r  x<<l  (long waves)  and for  x>>l  
( sho r t  waves ) ,  we obta in  the we l l -known l imi t  form.ulas  [6] 

v, ~ o. + ~ , ~  L ~ " + ~h.0 + U +-7 = ' 

ct(ao) ) = cz(i - -  b 1 - -  4~a%~b.,_) (x << J), 

1 [Sh.~ t (15h~ - -  20h ,  § 12h~)  l, 

1 { ( 2  + _ _ t )  l [56h~ 8h:, c.~_ (t05h. 196h, -4- 
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+ i32h,) -- 5c--~[c~ -: 

(1(02 ( h 1 ~ 4h~ -:- 4h:~ 7 l =  40.§ c~ ~ cTh~--2h~--4h~) (x>>i). (4.3) 
\ 

In the shor t -wave  region,  the re  is  no dispers ion in the given approximation.  These l imit  formulas  and the 
overa l l  formulas  were  used to calculate  the dimensionless  scat ter ing coefficient aTl(x l) and the ra te  of p ro-  
pagation of longitudinal u l t rason ic  waves c l (x/) in a t u n g s t e n - c o p p e r  composite mater ia l .  The densi t ies  of 
tungsten and copper,  respec t ive ly ,  were  taken [12] equal to pl  = 19,3 g / c m  a and p2 = 8.9 g / c m  a, and the 
vo lumet r i c  concentrat ions v l=0 .7  and v2=0.3 [13]. The e las t ic  constants for single c rys ta l s  of tungsten and 

cl )= 16.s4; 19.14; Cgl~per (in the units 1011 dyn cm 2) a r e  equal [14] to cil =50.1; c~2 =19.8; ci4 =15.14; 
c4~42J= 7.54; they a r e  used to find the mean values  of the Lain4 constants by means of the re la t ionships  [8] 

I /.(1) 

and analogously for k 2 and~ 2. 

The re.~alts of the calculat ions a r e  given in Figs.  1 and 2. In Fig. 1, in the region x I - 0.1, curves  1 
and 2, calculated,  respec t ive ly ,  using the overa l l  formulas  of the presen t  work and the l imi t  formula for long 
waves (4.1), differ  considerably.  Curve 3, plotted using the l imit  formula  for  shor t  waves (4.3), in the region 
x I >-50 completely coincides with curve 1. Curve 1 for x l - 0 . 5  is given by dashes,  since,  for large values  o2 
x I , the Born approximat ion,  used in the calculation of the overa l l  and l imit  formulas ,  is  found to be inappli-  
cable. F o r  an evaluation of the applicabil i ty of the method, we take into considerat ion that the intensity of a 
sca t t e red  wave must  be far  l ess  than that  of the incident wave: Ir<<I 0. Taking into considerat ion that, for 
r = L (L is  the length of the sample) ,  I r =I011 - exp ( -27L] ,  we find that the condition for the applicabili ty of the 
Born approximat ion will be 2~L<<1. If it  i s  taken into account that, in the length of the sample,  there  must 
be a sufficient number  of gra ins  of inhomogeneity,  and i f  i t  i s  assumed that  L ~  10a, as  well as that 27L= 0.1, 
then, for  the sca t te r ing  coefficient,  we obtain the condition for the application of the theory a7  -< 0.005, which, 
for longitudinal waves in the composite mate r ia l  under considerat ion,  cor responds  to a value of x / ~  0.5. 
F r o m  this,  for  a t u n g s t e n - c o p p e r  composi te  mate r ia l ,  the region of applicabili ty of the ealc-alation made is  
de te rmined  by the condition X l ~ 2~ra/0.5 ~ 10a. 

F o r  the ra te  of propagat ion of lon~tudinal  waves (Fig. 2) in the region x l - 0.]., the long-wave asymp-  
tote 2 [plotted using the l imit  formula  for  long waves (4.2)] and curve 1 (plotted using the overal l  formula) 
a lso differ  considerably.  In the shor t -wave region with x l >- 10, the v e l o d t y  no longer depends on the f r e -  
quency. It can be seen that,  in the l imiting case qa--~0, the ra te  is de te rmined  by the effective p a r a m e t e r s  
of the medium; then, as with q a - - %  the veloci ty  of the longitudinal waves must  be  equal to the mean velocity.  
It can be shown by a d i rec t  calculation that c / (x / )  as  qa--*~ is  l ess  for a medium with the mean p a r a m e t e r s  
~+2#> and Q~>, i .e . ,  for  short  waves,  curve 4 must  always lie below c I (curve 3). 

In the region of applicabil i ty of the calculat ion made, the dispers ion of the veloci ty  in a t ungs t en -coppe r  
composi te  ma te r i a l  is  ~ 2%. 
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V I B R A T I O N S  OF AN E L A S T I C  I N H O M O G E N E O U S  

S O L I D  W E A K E N E D  BY A C I R C U L A R  S L I T  

G.  P .  K o v a l e n k o  UDC534.539.3 

The vibrat ions  of an e las t ic  homogeneous  solid,  weakened by a c i r c u l a r  sl i t ,  were d iscussed  in [1]. 
A solution of the corresponding s ta t ic  p rob lem was set  forth in [2, 3]. For  a medium whose Lam~ p a r a m e t e r s  
and density depend on the coordinate z, the analogous problem is complicated considerably and admits  of an 
effective analyt ical  solution only for cer ta in  cases  of the dependence of the above functions on z and of fixed 
values  of the Poisson coefficient.  

The presen t  a r t i c l e  d i scusses  the s ta t ic  and dynamic problems  of determining the displacement  in an 
inhomogeneous e las t i c  solid weakened by a c i r cu l a r  sli t .  

w 1. We consider  a solid e las t ic  medium, occupying the whole space. The Lam6 p a r a m e t e r s  2, and/~ 
and the density of the medium p depend on z: 

= p0(alz[ -~- t )  TM,  p = p0(alz] -~ t )  l(1-2v), (1 .1)  

where  v is  the Poisson  coefficient,  a ssumed constant. As is shown in [4], the equations of motion of such a 
medium in the case  of axial symmet ry ,  in a cyl indrical  sys tem of coordinates ,  can be wri t ten in the fo rm 

vF2el-av 0-~r V2r - -  ~ = O, 

V2~ - -  v~-2e l-4v 02 ~ = (1 (1.2) 
�9 ~ O l .  2 v ,  

where  V 2 =~2/0r2+ 0 / r 0 r +  0~/0zZ; v 1 and v 2 a r e  the ve loc i t ies  of the deformation waves for z=0 ,  e =a]z] + 1. 
The functions r and r a re  connected with the vec to r  displacement  u =u l+  u2=ur i r+  Uziz by the dependences 

U182(1-2v) = V O,  112 ~2(1-2~') = V X (i~O~/Or), (1.3) 

where  i~p is  a unit vec to r .  

In the plane z = 0 the re  is  a c i rcu la r  opening of radius r = 1 with its center  at the origin of coordinates.  
It  i s  r equ i red  to solve the sys tem of equations (1.2) 'under the assumption that the displacements  and s t r e s s e s  
in the vicini ty of the sli t  a re  the same as in a semiinfini te body z>-0, where,  at the f ree  sur face  z=0 ,  the 
following boundary conditions obtain: 

gz ---- --P~ . Po exp (--io~t), 0 ~ r < t, 
Trz = O, O~-~r< co, u z ---- O, r >  l, (1.4) 
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June, 1978. Original a r t i c le  submitted Apri l  7, 1977. 
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